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Let g and n be positive integers and let k = n(g, n)/(g”, n). I f  O(x) is a multiple of 
zf:d x’, then the g-circulant whose Hall polynomial is equal to O(x) satisfies the 
matrix equation in the title. I f  the g-circulant whose Hall polynomial is equal to 
x::d x’ satislies the matrix equation in the title, then h is a multiple of k. ,p 1985 
Academic Press. Inc. 
1. INTRODUCTION 
In this note, n is a fixed positive integer, all matrices are of size n x n over 
integers, and indices run from 0 to n - 1. Let J denote the matrix with all 
the entries equal to 1 as usual. The matrix equation 
A”=M (1) 
has been studied by Knuth [ 11, Ryser [3], Lam [Z], and Wang [4,5]. In 
[4], we have determined all the (0, 1) g-circulants which satisfy Eq. (1) 
under the assumption g” = 0 (mod n). Here a g-circulent A is a matrix of 
the form [a,- ig] where j - ig are computed modulo n. For a g-circulant A 
with its first row equal to (a,,..., a,- ,), let 0,(x) = C;:,’ six’ be its Hall 
polynomial. Conversely, for a polynomial 0(x) of degree less than n, let 
C,(e) be the g-circulant such that its Hall polynomial is equal to 0(x). For 
convenience, in this note, let (a, b) denote the greatest common divisor of a 
and b, let k = n(g, n)/( g”, n), and for a positive integer h, let UJX) = 
cF;d x’. For two integers, a, b, we denote by a 1 b if and only if a is a factor 
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of b and for two polynomialsf(x) and g(x), we denote byf(x) 1 g(x) if and 
only iff(x) is a factor of g(x) as usual. 
In [S], we discovered the following result. 
THEOREM 1.1. Ifh = 0 (mod k) then C&o,,) satisfies Eq. (1). 
The purpose of this note is to prove an extension of Theorem 1.1 and a 
converse of Theorem 1.1 which was conjectured in [S]. The results are 
stated as follows: 
THEOREM 1.2. Let 0(x) be an integral polynomial such that ok(x) ) 6(x). 
Then C,(0) satisfies Eq. (1). 
THEOREM 1.3. If C,(o,) satisfies Eq. (l), then h - 0 (mod k). 
The condition in Theorem 1.2 is not necessary as example shows. The 
method of this paper uses polynomial equations and cyclotomic 
polynomials which is easier than the method of [S]. In this note, for a 
positive integer t, q,(x) is the tth cyclotomic polynomial. 
2. PROPERTIES OF T(x) 
Let T(x) = C;:J xi. In this section we will list some properties of T(x). 
The proofs are elementary, but are included for the convenience of readers. 
PROPOSITION 2.1. (i) Ifs 1 t then 
T(x”) T(x’) s nT(x”) 
(ii) T(x”,“‘) - T(x’) 
(mod xn - 1 ), 
(mod xn - 1). 
Proof: If s 1 t, then t = us for some integer a. Note that 
T(x) T(x“) = nT(x) (mod x” - 1). 
By applying the homomorphism x + xS, we obtain 
T(x”) T(x’) = nT(x’) (mod xn - 1). 
For (ii), note that (t/(t, n), n) = 1. This implies that 
T(x tl(r.n)) E T(x) (mod x” - 1). 
By applying the homomorphism x -+ xc’*“) we obtain 
T(x’) z T(x”3”‘) (mod x” - 1). 
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3. A PROOF OF THEOREM 1.2 
In this section, we will prove Theorem 1.2. First, recall a result from [2]. 
THEOREM 3.1. A necessary and sufficient condition for a g-circulant A to 
satisfy Eq. (1) is that its Hall polynomial O,(x) satisfies the polynomial 
equation 
m-1 
fl 8,(x@) z AT(x) 
j=O 
(mod x” - 1). (2) 
Now, we begin the proof of Theorem 1.2. Suppose that ok(x) 1 O(x). It is 
easy to see that 
Ok(X) T(Xk) = kT(x) (mod xn - 1 ), 
and 
Ok(X) T(X’q = kT(x) (modx”-1) 
because (g, n) 1 k. By Proposition 2.1, (ii) 
ck(x) T(xg) - kT(x) (mod x” - 1). 
Since ok(x) 1 O(x), from (3), (5), we have 
e(x) T(Xk)d(l, T(x) (modx”-1) 
and 
e(x) T(X~ = e( 1) ~(~1 (mod xn - 1). 
By applying the homomorphism x + xR to (7), we obtain 
e(xg) T(x~‘) = e( i ) I (mod x” - 1). 
By multiplying (8) by O(x) and using (7), we obtain 
e(x) e(9) T(XR*) E e(l)* T(X) (mod xn - 1). 
By repeating this procedure, eventually we obtain 
(~iJo2ew’))-T~x p-‘pe(iy-1 T(x) (mod xn - 1). 
By applying the homomorphism x + xg”-’ to (6), we obtain 
e(xp-‘) T(xkg”-‘) = e( 1) T(xgm-‘) (mod x” - 1). 
(3) 
(4) 
(5) 
(6) 
(7) 
(8) 
(9) 
(10) 
(11) 
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Note that kg”‘-’ = 0 (mod n). This implies that 
ne(x”-‘) 3 f3( 1) z-(X+) (mod xn - 1). (12) 
By multiplying (10) by 0(l) and using (12), we obtain 
(mod x” - 1). (13) 
This shows that C,( 0) satisfies Eq. ( 1) with I = @( 1 )‘“/n. 
The following example shows that the converse of Theorem 1.2 is false in 
general. 
EXAMPLE. Let n = 12, g = 2, and m = 2. Then k = 6. Let 0(x) = cpz(x) 
(p3(x) (pJx). It is easy to see that (p4(x) 1 (p2(x2), qp6(x) 1 (pJx*). This 
implies that 
e(x) e(x’) z 3T(x) (mod x1* - 1). 
This shows that C,(e) is a solution of Eq. (1) where 13(x) is clearly not a 
multiple of fan = (p*(x) (p3(x) (p6(x). 
4. A PROOF OF THEOREM 1.3 
Suppose that C,(a,) satisfies Eq. (1). Then, by Theorem 3.1, 
m-1 
ivo gh(xR’) 3 U(x) (mod x”- 1). (14) 
Let p be a primitive nth root of unity, Then T(p) = 0. By (14), o,(p@) = 0 
for some O<j<m- 1. Note that since a,(x)=(xh- 1)/(x- l), #‘a= 1. 
This implies that phgm-’ = 1. Since p is a primitive nth root, n 1 hg” - ‘. This 
implies that n/(n, g”-’ ) 1 h. If (n, g) = 1 then there is nothing more to 
prove. So we assume (n, g) > 1. Let o be a primitive (n, g)th root of unity. 
Since (n, g) ( g, og = 1. Since (n, g) 1 n, T(o) =O. By (14) we have 
oh(a) =O. Hence mh = 1. Since o is a primitive (n, g)th root of unity, 
(n, g) ( h. Finally, note that k=n(n, g)/(n, g”) is the least common mul- 
tiple of (n, g) and n/(n, g”-’ ). This implies k I h and completes the proof. 
5. A RELATED RESULT 
In this section, we will prove the following result. 
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THEOREM 5.1. Equation (1) has a nontrioial (0, 1) g-circulant solution for 
some g if and only if n = p”t for some prime p and s > 1. 
Proof Suppose n = pSt where s > 1 and (p, t) = 1. Then let k = n(p, n)/ 
(n, p”) and k < n. By Theorem 1.2, the p-circulant C,(a,) is a nontrivial 
solution of Eq. (1). 
Conversely, suppose that n = pi . . ‘p, where p1 ,..., p, are distinct primes. 
Let A be a (0, 1) g-circulant which satisfies Eq. (1) and let e(x) be its Hall 
polynomial. Then 
W-l 
n B(xg’) = AT(x) (mod xn - 1). (15) 
i=o 
Let p be a primitive pith root of unity. Then T(p) = 0. By (15) 
m-1 
n tqp”‘) = 0. 
i=O 
If p / g then f3(pg’) = 0 implies O(p) = 0 and if p ) g, then pg’ = 1 for i > 1, 
and fI(p)=O. Hence, for either case, B(p)=O. Since p is a p,th root of 
unity, q,,(x) 1 Q(x). This implies that cp,( 1) =pj ( e( 1) for 1 <j < t. Hence 
n 1 0( 1). Since C,(e) is a (0, l)-matrix, this implies that C,(e) = J which is a 
trivial solution. 
The following example shows that Theorem 5.1 is not true without 
requiring that solutions be (0, 1) matrices. 
EXAMPLE. For n = 6, g = 2, m = 2, let e(x) = (p2(x) cp3(x). Since (p,Jx) 1 
%(X2)? 
etx) e(2) = 677~) (mod x6 - 1). 
Hence C,(e) is a nontrivial solution of Eq. (1). 
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